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Many nonlinear oscillations in engineering and applied mathematics have been a topic to intensive research for many
years [1–15]. There have been many analytical and numerical methods to solve the problems of nonlinear oscillators, such
as variational iteration method [3–5,16], He’s parameter-expansion method [6–9], modiﬁed Lindstedt–Poincare method
[10–13], harmonic balance method [14,15,17–20], homotopy perturbation method [21–24], energy balance method [25],
etc. In general, the perturbation method involving expansion over a small parameter is only useful if there exist small param-
eters in the systems where the solution can be analytically expanded into power series of the parameters. However, the
strongly nonlinear problems in science and engineering where small parameters do not exist and even if such small param-
eters do exist, the analytical solutions given by the perturbation methods over a small parameter have, in most cases, a small
rang of validity. The harmonic balance method is valid even for large oscillation amplitudes for strongly nonlinear oscillators.
However, the lower-order solutions of the method are rather inaccurate while it is usually difﬁcult to achieve higher-order
analytic approximations. Recently, the Newton-harmonic balancing approach was presented by Lim [26–29] and have been
applied to solve some nonlinear oscillator equations.
The cubic–quintic Dufﬁng equation and Dufﬁng-harmonic equation are well-known odd-nonlinear oscillators which are
related to many practical engineering systems and physical phenomena. Due to the presence of strong nonlinearities, the
accuracy of approximate analytical methods becomes extremely demanding. Mickens [30], Lim [27,28], Fesanghary [16],
Hu [19], Tiwari [20] and Fan [31], etc. have obtained the approximations of the Dufﬁng-harmonic equation by using different
methods. More recently, Lai et al. [29] obtained the accurate analytic approximations of the cubic–quintic Dufﬁng equation. All rights reserved.
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techniques to obtain the novel and accurate analytical solutions for the frequency and displacement. Ganji et al. [33] used
the He’s energy balance method to solve strongly nonlinear Dufﬁng oscillators with cubic–quintic nonlinear restoring force
and obtain the solutions for different parameters. Differently from the preceding methods, a new analytical technique that
the iterative homotopy harmonic balancing approach by constructing a bookkeeping parameter p, which is considered as a
‘‘small parameter” in the harmonic balance method is proposed in this paper. It incorporates salient features of both the
parameter-expansion and harmonic balance method. Three examples of cubic–quintic Dufﬁng equation with different
parameters are presented to illustrate the simplicity, accuracy and effectiveness of the new approach in the paper.
2. Basic ideas of the iterative homotopy harmonic balancing approach
Consider a simple second order conservative oscillator with odd-nonlinearity in the form€u ¼ f ðuÞ; uð0Þ ¼ A; _uð0Þ ¼ 0; ð1Þ
where a dot denotes differentiation with respect to t and f(u) = f(u). For convenience, we introduce a new time scale
s =xt, thenx2u00 ¼ f ðuÞ; uð0Þ ¼ A; u0ð0Þ ¼ 0: ð2Þ
where x is an unknown to be determined and assume u(s) can be expressed by such a set of base functionsfcos½ð2m 1Þsjm ¼ 1;2;3; . . .g: ð3Þ
The procedure of the iterative homotopy harmonic balancing approach for seeking approximations to angular frequency
and periodic solution is divided into two main steps.
2.1. Step1: Iterative homotopy procedure
Make a hypothesis by introducing a bookkeeping parameter pwith values in the interval [0, 1], the transformations of the
variable u(s) to u(s, p) and x to x are done, anduðs; pÞ ¼ u0ðsÞ þ pu1ðsÞ þ p2u2ðsÞ þ   
x2ðpÞ ¼ x20 þ px1 þ p2x2 þ    ð4ÞWhen p = 0, Eq. (2) is simple harmonic:x20u
00
0 ¼ f ðu0Þ; u0ð0Þ ¼ A; u00ð0Þ ¼ 0: ð5ÞWhen p = 1, u(s, 1) is therefore the required approximate solution of Eq. (2).
2.2. Step2: harmonic balance procedure
According to Eq. (5), basic harmonic approximate solution can be obtained.
u0ðtÞ ¼ A cosðx0tÞ: ð6ÞUsing Eq. (3) and harmonic balance method, we may assumeuiðsÞ ¼ bi;1½cosðsÞ  cosð3sÞ þ    þ bi;ifcosðsÞ  cos½ð2iþ 1Þsg; i ¼ 1;    ð7Þ
From Eqs. (2), (4), (6), and (7), the k-order approximations to the frequency and periodic solution can be obtained step by
step.x ¼ xðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20 þ    þxk
q
;
uðtÞ ¼ uðkÞðtÞ ¼ Aþ
Xk
m¼1
Xm
j¼1
bm;j
 !
cos xðkÞt
 Xk
m¼1
bm;1 cosð3xðkÞtÞ      bk;k cos½ð2kþ 1ÞxðkÞt: ð8Þ3. Cubic–quintic Dufﬁng oscillator
The cubic–quintic Dufﬁng equation can be found in the modeling of free vibration of a restrained uniform beam carrying
intermediate lumped mass and undergoing large amplitude of oscillations in the unimodel Dufﬁng type temporal problem
[34,35], the nonlinear dynamics of a slender elastica [36], the generalized PC equation [37] and the compound KDV equation
in nonlinear wave systems [38] etc. The cubic–quintic Dufﬁng oscillator of a conservative autonomous system can be
described by the following second-order differential equation with cubic–quintic nonlinearities
Z. Guo et al. / Applied Mathematical Modelling 35 (2011) 1717–1728 1719€uþ auþ bu3 þ cu5 ¼ 0with initial conditionsuð0Þ ¼ u0; _uð0Þ ¼ 0 ð9Þwhere a, b and c are positive constant parameters. The equilibrium position is located at u = 0 and the system oscillates
between symmetric bounds [u0, u0].
3.1. Solution procedure
Introducing a new time variable s =xt, the cubic–quintic Dufﬁng oscillator becomesx2u00 þ auþ bu3 þ cu5 ¼ 0; uð0Þ ¼ u0; u0ð0Þ ¼ 0: ð10ÞConsidering the initial conditions, it is obvious that the good initial guess of u(s) and p = 1 can be written intou0ðsÞ ¼ u0 cos s; x ¼ x0: ð11ÞSubstituting Eq. (11) into Eq. (10) and introducing a bookkeeping parameter p givesp0 : x20u
00
0 þ au0 þ bu30 þ cu50 ¼ a1;0 cos sþ pa3;0 cos 3sþ p2a5;0 cos 5s; u0ð0Þ ¼ u0;u0ð0Þ ¼ 0: ð12ÞNo secular terms in u0(s) requires eliminating contributions proportional to cos s on the right-hand side of Eq. (12)a1;0 ¼ 34bu
3
0 x20u0 þ au0 þ
5
8
cu50 ¼ 0: ð13ÞBased on the Eqs. (12) and (13), the solution and square of omega of Eq. (10)can be further expressed asuðsÞ ¼ u0ðsÞ þ pu1ðsÞ; x2 ¼ x20 þ px1; ð14Þ
where assumes u1(s) = c(cos s  cos 3s).
Substituting Eqs. (12) and (14) into Eq. (10) and equating the coefﬁcients of the p1 givesp1 : x20u
00
1 þx1u000 þ au1 þ 3bu20u1 þ 5cu40u1 þ a3;0cos3s ¼ a1;1 cos sþ pa3;1 cos 3sþ p2a5;1 cos 5sþ p3a7;1 cos 7s;
u1ð0Þ ¼ 0; u01ð0Þ ¼ 0: ð15Þ
No secular terms in u1(s) requires eliminating contributions proportional to cos s, cos 3s on the right-hand side of Eq. (15)a1;1 ¼ x20c x1u0 þ
3
2
bu20c þ
25
16
cu40c þ ac ¼ 0;
a3;1 ¼ 9x20c  ac 
5
16
cu40c 
3
4
bu20c þ a3;0 ¼ 0:
ð16ÞAccording to Eqs. (11), (13), (14), and (16) and writing p = 1, the ﬁrst-order approximations to frequency and periodic solu-
tion of Eq. (9) can be obtainedxð1Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20 þx1
q
; uð1ÞðtÞ ¼ ðu0 þ cÞ cosðxð1ÞtÞ  c cosð3xð1ÞtÞ; ð17Þwhere x20 ¼ 34 bu20 þ aþ 58 cu40;x1 ¼
3u40
16D ð4bþ 5cu20Þ2; c ¼
u30
D ð5cu20 þ 4bÞ;D ¼ 96bu20  128a 85cu40.
Based on the ﬁrst-order approximations, the periodic solution and the frequency of Eq. (10) can be further expressed
asuðsÞ ¼ u0ðsÞ þ pu1ðsÞ þ p2u2ðsÞ;x2 ¼ x20 þ px1 þ p2x2; ð18Þ
where assumes u2(s) = e1(cos s  cos 3s) + e2(cos s  cos 5s).
Substituting Eqs. (12), (15) and (18) into Eq. (10) and equating the coefﬁcients of the p2 givesp2 : x20u
00
2 þx1u001 þx2u000 þ au2 þ 3bðu20u2 þ u0u21Þ þ 5cu30ð2u21 þ u0u2Þ þ ða5;0 þ a5;1Þ cos 5s
¼ a1;2 cos sþ pa3;2 cos 3sþ p2a5;2 cos 5sþ    ; u2ð0Þ ¼ 0; u02ð0Þ ¼ 0: ð19Þ
No secular terms in u2(s) requires eliminating contributions proportional to cos s, cos 3s, cos 5s on the right-hand side of
Eq. (19). That is, solving equations a1,2 = 0, a3,2 = 0, a5,2 = 0, yield
Table 1
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6
0v1
32r ; e1 ¼
u70v2
r ; e2 ¼
u50v3
r ; ð20Þwhere the variables vi, i = 1, 2, 3 and r are presented in Appendix A.
From Eqs. (17), (18), and (20) and writing p = 1, the second-order approximations to frequency and periodic solution of
Eq. (9) are obtainedxð2Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20 þx1 þx2
q
; uð2ÞðtÞ ¼ ðu0 þ c þ e1 þ e2Þ cosðxð2ÞtÞ  ðc þ e1Þ cosð3xð2ÞtÞ  e2 cosð5xð2ÞtÞ: ð21ÞIt should be clear how the procedure works for constructing further high-order approximate solutions.
3.2. Result and discussion of cubic–quintic Dufﬁng oscillator
To show the efﬁciency of the presented method for cubic–quintic Dufﬁng oscillators in comparison with other results and
the exact result we give three cases for a = b = c = 1, a = 5, b = 3, c = 1 and a = 1, b = 10, c = 100. The relative errors of frequen-
cies are deﬁned asð% errorÞ ¼ x
ðiÞ xe
xe
 100; i ¼ 1;2:For reference, the exact frequency xe is obtained by direct integration of governing Eq. (9) of the dynamical system.
Imposing the initial conditions, the solution is [29].xeðu0Þ ¼ pk1
2
R p
2
0 1þ k2 sin2 t þ k3 sin4 t
 12
dt
;
where k1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ bu
2
0
2
þ cu
4
0
3
r
; k2 ¼ 3bu
2
0 þ 2cu40
6aþ 3bu20 þ 2cu40
; k3 ¼ 2cu
4
0
6aþ 3bu20 þ 2cu40
.
The present method herein is suitable for all amplitudes of oscillation. The various limiting approximations for u0? 0,1
can be derived. The various approximations compared with respect to the exact solutions arelim
u0!0
xð1Þ
xe
¼ lim
u0!0
xð2Þ
xe
¼ 1; lim
u0!1
xð1Þ
xe
¼ 1:010781; lim
u0!1
xð2Þ
xe
¼ 1:001064:The relative error of second-order analytical approximation compared with the exact solution is less than 0.1064% in the
limit as u0?1, it is more accurate than the results of Ganji et al. [33] and Lai et al. [29].
Tables 1a, 1b, 2a, 2b, 3a, 3b give out some comparisons of current various order approximate frequencies with existing
results and exact frequencies for a = b = c = 1, a = 5, b = 3, c = 1 and a = 1, b = 10, c = 100 respectively. It can be observed that
our current results provide excellent approximations to the exact frequency regardless of the oscillation amplitude and dif-
ferent parameters. The second order harmonic solutions are given and compared analytically with the results of Ganji et al.
[33] and Lai et al. [29] for oscillation amplitude u0 = 10 in Tables 4–6, respectively. Figs. 1–3 show the comparisons of limit
cycles about the current analytical solutions, Ganji’s solutions, Lai’s solutions and corresponding to exact solutions for
a = b = c = 1, u0 = 10, a = 5, b = 3, c = 1, u0 = 10 and a = 1, b = 10, c = 100, u0 = 10 respectively. It is also clear from Figs. 1–3 that
the accuracy of the result obtained in this paper is in excellent with exact solutions. The new approach is very effective for
solving strongly nonlinear oscillator with cubic and quintic nonlinearities.a
ison of approximations and exact frequencies for cubic–quintic Dufﬁng oscillator and a = b = c = 1.
x(1) (%error) x(2) (%error) xe
1.00377(0%) 1.00377(0%) 1.00377
1.03554(0%) 1.03554(0%) 1.03554
1.10658(0.0036%) 1.10654(0%) 1.10654
1.52507(0.097%) 1.52365(0.0039%) 1.52359
7.33114(0.860%) 7.27428(0.0777%) 7.26863
19.3735(1.001%) 19.19995(0.0962%) 19.1815
48.8010(1.049%) 48.34402(0.1023%) 48.2946
75.9738(1.059%) 75.25548(0.1039%) 75.1774
302.435(1.073%) 299.540(0.1059%) 299.223
1887.69(1.077%) 1869.56(0.1066%) 1867.57
7549.34(1.080%) 7476.77(0.1063%) 7468.83
188721.99(1.078%) 186907.64(0.1064%) 186709.04
754886.52(1.078%) 747629.11(0.1064%) 746834.69
Table 1b
Comparison of current frequency and existing results for cubic–quintic Dufﬁng oscillator and a = b = c = 1.
u0 xe Current x(2) (%) Lai et al. [29] x3 (%) Ganji et al. [33] xEBM (%)
0.1 1.00377 1.00377(0%) 1.00377(0%) 1.003773057(0.000003%)
0.3 1.03554 1.03554(0%) 1.03554(0%) 1.035492669(0.004%)
0.5 1.10654 1.10654(0%) 1.10655(0%) 1.106356497(0.10%)
1.0 1.52359 1.52365(0.0039%) 1.52375(0.01%) 1.527720966(0.27%)
3.0 7.26863 7.27428(0.0777%) 7.28115(0.17%) 7.417768993(2.05%)
5.0 19.1815 19.19995(0.0962%) 19.2215(0.21%) 19.6087993(2.23%)
8.0 48.2946 48.34402(0.1023%) 48.4011(0.22%) 49.39062412(2.26%)
10 75.1774 75.25548(0.1039%) 75.3454(0.22%) 76.88958529(2.27%)
20 299.223 299.540(0.1059%) 299.903(0.23%) 306.06681(2.28%)
50 1867.57 1869.56(0.1066%) 1871.84(0.23%) 1910.332216(2.29%)
100 7468.83 7476.77(0.1063%) 7485.89(0.23%) 7639.855092(2.29%)
500 186709.04 186907.64(0.1064%) 187135.59(0.23%) 190984.5919(2.29%)
1000 746834.69 747629.11(0.1064%) 748540.91(0.23%) 763936.8945(2.29%)
Table 2a
Comparison of approximations and exact frequencies for cubic–quintic Dufﬁng oscillator and a = 5, b = 3, c = 1.
u0 x(1) (%error) x(2) (%error) xe
0.1 2.24111(0%) 2.24111(0%) 2.24111
0.3 2.28193(0%) 2.28193(0%) 2.28193
0.5 2.36616(0%) 2.36615(0%) 2.36615
1.0 2.79670(0.0154%) 2.79628(0%) 2.79627
3.0 8.42601(0.564%) 8.38238(0.0431%) 8.37877
5.0 20.3911(0.864%) 20.2322(0.0782%) 20.2164
10 76.9487(1.023%) 76.2452(0.0990%) 76.1698
50 1888.65(1.076%) 1870.53(0.1060%) 1868.55
100 7550.30(1.078%) 7477.75(0.1063%) 7469.81
500 188722.95(1.078%) 186908.62(0.1064%) 186710.01
1000 754887.48(1.078%) 747630.08(0.1064%) 746835.66
Table 2b
Comparison of current frequency and existing results for cubic–quintic Dufﬁng oscillator and a = 5, b = 3, c = 1.
u0 xe Current x(2) (%) Lai et al. [29] x3 (%) Ganji et al. [33] xEBM (%)
0.1 2.24111 2.24111(0%) 2.2411(0%) 2.241102478(0.0003%)
0.3 2.28193 2.28193(0%) 2.28193(0%) 2.281946735(0.0007%)
0.5 2.36615 2.36615(0%) 2.36615(0%) 2.366246867(0.004%)
1.0 2.79627 2.79628(0%) 2.79630(0%) 2.798963393(0.1%)
3.0 8.37877 8.38238(0.0431%) 9.38730(0.10%) 8.516271502(1.64%)
5.0 20.2164 20.2322(0.0782%) 20.2514(0.17%) 20.64011142(2.10%)
10 76.1698 76.2452(0.0990%) 76.3326(0.21%) 77.88483819(2.25%)
50 1868.55 1870.53(0.106%) 1872.81(0.23%) 1911.314776(2.29%)
100 7469.81 7477.75(0.1063%) 7486.86(0.23%) 7640.837246(2.29%)
500 186710.01 186908.62(0.1064%) 187136.56(0.23%) 190985.5701(2.29%)
1000 746835.66 747630.08(0.1064%) 748541.88(0.23%) 763937.8765(2.29%)
Table 3a
Comparison of approximations and exact frequencies for cubic–quintic Dufﬁng oscillator and a = 1, b = 10, c = 100.
u0 x(1) (%error) x(2) (%error) xe
0.1 1.03970(0%) 1.03970(0%) 1.03970
0.5 2.53505(0.4103%) 2.52538(0.0273%) 2.52469
1.0 8.08069(0.882%) 8.01649(0.0804%) 8.01005
5.0 189.203(1.0705%) 187.396(0.1052%) 187.199
10 755.366(1.0762%) 748.116(0.1061%) 747.323
50 18872.63(1.0781%) 18691.20(0.1064%) 18671.34
100 75489.08(1.0781%) 74763.35(0.1064%) 74683.91
500 1887215.59(1.0781%) 1869072.04(0.1064%) 1867085.99
1000 7548860.93(1.0781%) 7476286.71(0.1064%) 7468342.49
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Table 3b
Comparison of current frequency and existing results for cubic–quintic Dufﬁng oscillator and a = 1, b = 10, c = 100.
u0 xe Current x(2)(%) Lai et al. [29] x3 (%) Ganji et al. [33] xEBM (%)
0.1 1.03970 1.03970(0%) 1.03970(0%) 1.039642196(0.006%)
0.5 2.52469 2.52538(0.0273%) 2.52642(0.07%) 2.554014562(1.16%)
1.0 8.01005 8.01649(0.0804%) 8.02429(0.18%) 8.176911017(2.04%)
5.0 187.199 187.396(0.1052%) 187.623(0.23%) 191.4770915(2.28%)
10 747.323 748.116(0.1061%) 749.027(0.23%) 764.4279087(2.29%)
50 18671.34 18691.20(0.1064%) 18714.00(0.23%) 19098.90111(2.29%)
100 74683.91 74763.35(0.1064%) 74854.53(0.23%) 76394.13136(2.29%)
500 1867085.99 1869072.04(0.1064%) 1871351.54(0.23%) 1909841.499(2.29%)
1000 7468342.49 7476286.71(0.1064%) 7485404.69(0.23%) 7639364.525 (2.29%)
Table 4
Comparison of current second-order solution and existing results for cubic–quintic Dufﬁng
oscillator and a = b = c = 1, u0 = 10.
Current u(t) Lai et al. [29] u(t) Ganji et al. [33] u(t)
cos (xt) 9.3011 9.2837 10
cos (3xt) 0.6199 0.6314
cos (5xt) 0.0790 0.0849
x 75.25548 75.3454 76.8896
Table 5
Comparison of current second-order solution and existing results for cubic–quintic Dufﬁng
oscillator and a = 5, b = 3, c = 1, l0 = 10.
Current u(t) Lai et al. [29] u(t) Ganji et al. [33] u(t)
cos (xt) 9.3073 9.2905 10
cos (3xt) 0.6152 0.6263
cos (5xt) 0.0775 0.0831
x 76.2452 76.3326 77.8848
Table 6
Comparison of current second-order solution and existing results for cubic–quintic Dufﬁng
oscillator and a = 1, b = 10, c = 100, u0 = 10.
Current u(t) Lai et al. [29] u(t) Ganji et al. [33] u(t)
cos (xt) 9.2957 9.2806 10
cos (3xt) 0.6246 0.6337
cos (5xt) 0.0797 0.0857
x 748.116 749.027 764.4279087
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Conservative nonlinear oscillatory systems can often be modeled by potentials having a rational form for the potential
energy. The Dufﬁng-harmonic oscillator modeled the following governing nonlinear differential equation, which has been
widely studied as a typical example [16,19,20,27,28,30,31].€u ¼  u
3
1þ u2 ;uð0Þ ¼ A; _uð0Þ ¼ 0: ð22Þ4.1. Solution procedure
Under transformation s =xt, Eq. (22) becomesx2u00 ¼  u
3
1þ u2 ; uð0Þ ¼ A; u
0ð0Þ ¼ 0: ð23ÞConsidering the initial conditions, it is obvious that the good initial guess of u(s) and x can be written into:u0ðsÞ ¼ A cos s; x2 ¼ x20: ð24Þ
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Fig. 1. Comparisons of the approximate solutions for cubic–quintic Dufﬁng oscillator and u0 = 10, a = b = c = 1.
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Fig. 2. Comparisons of the approximate solutions for cubic–quintic Dufﬁng oscillator and u0 = 10, a = 5, b = 3, c = 1.
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00
0 þ u0 
u0
1þ u20
¼
X1
n¼0
pna2nþ1 cos½ð2nþ 1Þs ¼ a1;0 cosðsÞ þ pa3;0 cosð3sÞ þ p2a5;0 cosð5sÞ þ   ;
u0ð0Þ ¼ A; u0ð0Þ ¼ 0: ð25Þ
It can easily be shown thatA cosðsÞ
1þ A2 cos2ðsÞ ¼ b1 cosðsÞ þ b3 cosð3sÞ þ b5 cosð5sÞ þ    ;whereb1 ¼ 2p
Z p
0
A cosðsÞ
1þ A2 cos2ðsÞ cosðsÞds; b3 ¼
2
p
Z p
0
A cosðsÞ
1þ A2 cos2ðsÞ cosð3sÞds; b5 ¼
2
p
Z p
0
A cosðsÞ
1þ A2 cos2ðsÞ cosð5sÞds:
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Fig. 3. Comparisons of the approximate solutions for cubic–quintic Dufﬁng oscillator and l0 = 10, a = 1, b = 10, c = 100.
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0
dx
aþ b cosðxÞ ¼
2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  b2
p ; a > jbj:
We easily obtainb1 ¼ 2A
2
A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ A2
p ; b3 ¼ 4A 3þ 4A2
 
b1; b5 ¼ 12A  5þ
4
A2
 
3b1 þ b3ð Þ þ 5b1:Therefore we have a1;0 ¼ x20Aþ A b1; a3;0 ¼ b3; a5;0 ¼ b5;   .
No secular terms in u0(t) requires eliminating contributions proportional to cos (s), solve equation a1,0 = 0, we can obtain
zero-order approximations to frequency and periodic solution arexð0Þ ¼ x0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b1
A
r
; uð0ÞðtÞ ¼ A cosðxð0ÞtÞ: ð26Þwhere b1 ¼ 2A 2A ﬃﬃﬃﬃﬃﬃﬃﬃ1þA2p .
Based on the zero-order approximations, the periodic solution and the frequency of Eq. (23) can be further expressed asuðsÞ ¼ u0ðsÞ þ pu1ðsÞ; x2 ¼ x20 þ px1; ð27Þ
where assumes u1(s) = c1[cos (s)  cos (3s)].
To simplify, Eq. (23) can be rewritten asx2ð1þ u2Þu00 þ u3 ¼ 0; uð0Þ ¼ A; u0ð0Þ ¼ 0: ð28Þ
Substituting Eqs. (28) and (25) into Eq. (23) and equating the coefﬁcients of the p, we havep1 : x20u
00
1 þx1u000 þx20u20u001 þ 2x20u0u1u000 þx1u20u000 þ 3u20u1 þ a3;0 cosð3sÞ ¼ a1;1 cosðsÞ þ pa3;1 cosð3sÞ þ p2a5;1 cosð5sÞ
u1ð0Þ ¼ 0;u01ð0Þ ¼ 0:
ð29Þwhere the values a1,1, a3,1 and a5,1 are presented in Appendix B.
No secular terms in u1(t) requires eliminating contributions proportional to cos (s) and cos (3s). Therefore ﬁrst-order
approximations to frequency and periodic solution of Eq. (22) can be obtained by solving equations a1,1 = 0, a3,1 = 0.xð1Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20 þx1
q
; uð1ÞðtÞ ¼ ðAþ c1Þ cosðxð1ÞtÞ  c1 cosð3xð1ÞtÞ; ð30Þwhere the values x1 and c1 are presented in Appendix B.
It should be clear how the procedure works for constructing further higher-order approximations.
Table 7
Comparison of approximations and exact frequencies for Dufﬁng-harmonic oscillator.
A x0(%error) x(1)(%error) xe
0.01 0.008660(2.2432%) 0.008478(0.0945%) 0.00847
0.05 0.043256(2.2117%) 0.042344(0.0567%) 0.04232
0.1 0.086244(2.1969%) 0.084418(0.0332%) 0.08439
0.5 0.394230(1.7709%) 0.385446(0.4967%) 0.38737
1.0 0.643594(1.0701%) 0.631361(0.851%) 0.63678
5.0 0.967310(0.0341%) 0.966672(0.0319%) 0.96698
10 0.990954(0.0034%) 0.990896(0.0024%) 0.99092
50 0.999608(0.0002%) 0.999608(0.0002%) 0.99961
100 0.999901(0.0001%) 0.999901(0.0001%) 0.99990
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Fig. 4. Comparisons of the approximate solutions for Dufﬁng-harmonic oscillator and A = 0.01.
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Fig. 5. Comparisons of the approximate solutions for Dufﬁng-harmonic oscillator and A = 1.
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Fig. 6. Comparisons of the approximate solutions for Dufﬁng-harmonic oscillator and A = 100.
Table 8
The ﬁrst-order analytical solutions of Dufﬁng-harmonic oscillator.
A = 0.01 A = 1 A = 100
Cos (xt) 0.009584 0.978889 99.9999994
Cos (3xt) 0.0004161 0.021111 5.822185E007
x 0.008478 0.631361 0.999901
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Table 7 shows the exact and the approximate angular frequencies for different values of amplitude A. To write the exact
values of frequency we used its values from [28], and for approximate values we used Eqs. (26), (30). The exact angular fre-
quency can be obtained from the following complicated relation, that is given in [28].xe ¼ p2
Z p
2
0
A cos tdtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A2 cos2 t þ ln 1 A2 cos2 t
1þA2
h ir
0
BB@
1
CCA
1From Table 7, we ﬁnd the exact and ﬁrst-order approximation is very similar, especially for large values of amplitude. To
verity results, we show the comparisons between the present analytical solutions and the exact results in Figs. 4–6. It can be
observed that the ﬁrst-order analytical solutions are in good agreement with exact solutions for the wide range of initial
amplitudes. The ﬁrst-order analytically approximate solutions of Dufﬁng-harmonic oscillator are tabled in Table 8.5. Conclusion
An iterative homotopy harmonic balancing approach has been presented and applied to obtain the accurate approxima-
tions to the angular frequency and periodic solution of conservative oscillators with odd-nonlinearity. For the cubic quintic
nonlinearities, excellent agreement of the approximations with the exact ones has been demonstrated and discussed, and
the discrepancy between the second-order approximate frequency x(2), and the exact one is as low as 0.107% for the wide
range of initial amplitudes. The time history periodic response u(2)(t) is in good and excellent close to the exact solution. For
the Dufﬁng-harmonic oscillator, the ﬁrst-order approximation is given and compared and it is also excellent agreement with
exact ones. The conservative oscillator with even-nonlinearity can be conveniently separated into the auxiliary equations
with odd-nonlinearity. Therefore, the presented approach can be easily applied to other nonlinear conservative oscillators
such as oscillator with even-nonlinearity and self-excited oscillator etc.
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The variables for vi(i = 1, 2, 3) and r in Eq. (20) are presented as below
v1 ¼ 205319000r4bu120 þ 331395200c3b2u100 þ 560427450ab2cu60 þ 487618520a2bc2u40 þ 556921575abc3u80
þ 195772352acb3u40 þ 207667136ca2b2u20 þ 100663296cba3 þ 248144640c2b3u80 þ 146800640a3c2u20
þ 265420800a2c3u60 þ 183904000ac4u100 þ 81911808cb4u60 þ 9687840ab2u20  1238656a2b3 þ 48405000c5u140
þ 8294400b5u40;
v2 ¼ 81920ca2u20  122880cabu40 þ 1658880cab2u20 þ 2073600abc2u20 þ 1451520cb3u40 þ 1838000bc3u80
 108800ac2u60  81600bc2u80 þ 2463200b2c2u60  36125c3u100 þ 317952b2u20  46080cb2u60 þ 864000ac3u60
þ 507500c4u100 þ 442368ab3;
v3 ¼ 5406720a2c2u40 þ 4278400ac3u80 þ 2720256cb3u60 þ 437760b4u40 þ 786432a2b2 þ 1106625c4u120 þ 2097152ca3
þ 1155072ab3u20 þ 4026800bc3u100 þ 5202080b2c2u80 þ 7389184acb2u40 þ 10478080abc2u60 þ 6684672bca2u20;
r ¼ 192ð96bu20 þ 128aþ 85cu40Þ2ð8aþ 6bu20 þ 5cu40Þð32aþ 23bu20 þ 20cu40Þ:Appendix B
The values a1,1, a3,1 and a5,1 in Eq. (29) are presented as belowa1;1 ¼ x20c1 þ
1
2
x20A
2c1 þ 32A
2c1 x1A 34A
3x1;
a3;1 ¼ 9x20c1 þ
19
4
x20A
2c1  34A
2c1  14x1A
3  b3; a5;1 ¼ 114 x
2
0A
2c1  34A
2c1:The values x1 and c1 in Eq. (30) are presented as belowx1 ¼ 8b3ð2x
2
0 þx20A2 þ 3A2Þ
Að188x20Aþ 55A4x20  15A4 þ 144x20  12A2Þ
;
c1 ¼ 4b3ð4þ 3A
2Þ
188x20Aþ 55A4x20  15A4 þ 144x20  12A2
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